ABSTRACT. Let G be a locally compact totally disconnected Abelian group with dual group T. Let U and V be nonnegative measurable functions on T and G, respectively.
In this paper we give, in terms of U and V, a necessary condition and some sufficient conditions for the inequality ||/i/||4 < C7||/V||p to hold for all / in Li(G), where / denotes the Fourier transform of / and 1 < p < q < oo. If U and V are both radial, we give a necessary and sufficient condition for the above norm inequality to hold for all / in LX(G).
Introduction.
In 1978 B. Muckenhoupt [6] posed the problem of characterizing, for given p and q with 1 < p, q < oo, those nonnegative weight functions U and V on the real line R so that the inequality (1.1) \\fU\\q<C\\fV\\p holds for all / in Li(R). This problem has been studied by, among others, Muckenhoupt himself [7, 8] , W. B. Jurkat and G. Sampson [5] , and H. P. Heinig and his coauthors J. J. Benedetto and R. Johnson [1, 2, 3] . The most elegant result for this problem is due to Benedetto, Heinig, and Johnson [2] who proved that for nonnegative radial weight functions U and V such that U and V~l are even and decreasing on (0, oo), inequality (1.1) is equivalent to
where l/p+ 1/p' = 1.
Recently C. W. Onneweer [10] has studied Muckenhoupt's problem for functions defined on certain locally compact Abelian groups G. He considers mainly the case in which the weight functions U and V are such that U and V~l are in certain weak Lp-spaces. In this paper we also consider Muckenhoupt's problem for functions defined on G. Theorem 1.1 gives a necessary condition for inequality (1.1) to hold for all / in Li (G); it is an analogue on G of Theorem 2 of Benedetto and Heinig [1] . In Theorems 1.2 and 1.3 we obtain a sufficient condition for inequality (1.1) to hold for all / in Li(G). Our results closely resemble Theorems 1, 3, and 4 of Muckenhoupt [7] for functions in Li(R). The main result of this paper is Theorem 1.4 in which we give a necessary and sufficient condition (see (1.5)) for inequality (1.1) to hold for all / in Li(G), under the assumption that the weight functions U and V are radial (the definition of radial function will be given later in this section). We remark that Theorem 1.4 resembles the Benedetto-Heinig-Johnson result mentioned earlier. Indeed, condition (1.5)(i) is an obvious replacement on G of condition (1.2), whereas condition (1.5)(ii) replaces their monotonicity assumptions on the weight fonctions.
The remainder of this section is devoted to a brief discussion of the class of groups considered here and statements of our results. Proofs of these results will be given in subsequent sections.
Throughout this paper G will denote a locally compact Abelian group with a two-way infinite sequence (Gn)?0^ of compact open subgroups such that (i)G"+i %Gn for every n € Z = {...,-2,-1,0,1,2,...};
(ii) Ur=-oc Gn = G and f|~ _«, C = {0};
(iii) sup{order(Gn/G"+i)
: n e Z} < oo.
The dual group of G will be denoted by T, and the annihilator of Gn will be denoted by T". Thus (r^)?0^ is a sequence of compact open subgroups of T such that (i') rn § rn+1 for every n e Z;
("') lT=-oo rn = r and PEL-«, r" = {i}.
The Haar measure p on G and the Haar measure A on T are chosen so that p(Go) = 1 = A(rrj). Then (/i(Gn))_1 = A(rn) and we denote this number by mn. For p with 1 < p < 00, p' will denote the number such that 1/p + 1/p' = 1.
The characteristic function of the set E is denoted by t¡E-The symbols A and v will be used to denote the Fourier transform and the inverse Fourier transform, respectively. The conventions 0 ■ 00 = 0, sup0 = -00, and inf 0 = 00 will also be used. As usual, C will denote a generic constant, which may assume different values in different places. We now state the results obtained in this paper. THEOREM 1.1. Let 1 < p,q < 00 and let U, V be nonnegative measurable functions on T and G, respectively. Then a necessary condition for inequality (1.1) to hold for all f in Lx (G) is that to hold for all f in Li(G) is that to hold for all f in Li(G) is that 
where Un = U(l) when 7 e Tn \ rra_i and Vn = V(x) when x e Gn \ Gn+i. Since fN,k(x) -> V(x) p on G¿v, we have í \ 1/q l r \1/,p' / Uii)qdX) / V(x)-pl dp) <C. JvN ) \Jgn J Noting that G is independent of N, we complete the proof of Theorem 1.1.
Definitions and notation.
In this section we establish some more definitions and notation which will facilitate our discussion in the proof of Theorem 1.2 in §4. For i e Z+, let E% = 5,-\ Bi+1, Ft = Dt \ A+i, and W% = minO^V^ -V*), where U* is defined on Y by U*(^) = t/(7)||7||1//?, ß being defined by 1/ß = 1/p + 1/q -1-We shall prove that (4.1) and (4.2) are each bounded by C\\fV\\qp.
To estimate (4.1) we note that it is bounded by To estimate (4.2) we note that / has a support of finite measure. Let 77 = {x e G: f(x) t¿ 0}. Using the notation in §3, we have Thus (4.2) is also bounded by G||/V||9. Hence we have ||/E7||, < C\\fV\\p.
Having proved that ||/£/||9 < C||/V||p for all simple functions / in Li(G), we now note that the class of all simple functions in Li (G) is dense in Li (G). Hence for each / in Li(G) with ||/V||P < oo, there exist a sequence (/n)î° of simple functions in Li(G) such that ||/n -/||i -* 0 and ||/nV||p -> ||/V||P as n -► oo. Thus we have ||/V||4<G||/i/||pforall/inL1(G). Thus Ux(mN -"iN-i)1''("iAr)"1'!l < CVl. Since 2mjv-i < mjv, we have Upfm,ff~ < CVi for i < TV. Since TV is arbitrary, (1.5)(ii) is proved.
Proof of
To prove the sufficiency, we first consider the case 1 < p < q < p''. Recall that V and U are nonnegative radial functions on G and Y, respectively such that (1.5)(ii) is satisfied. Let~l TT (m\1/i-1/p' B = sup I supV{ Un(mn n£Z \i<n Let / be in Li(G) such that support of / Ç Tjv for some TV e Z. By Theorem 1.2, a sufficient condition for ||/Í7||9 < C||/V||p is that (6.1) supfi U^dx) If V(x)-p'dp) <oo, r>0\J{1£TN:U#(i)>Br} ) \Jv{x)<r J where U*(^) = Un(mn)l,q~l,p' if 7 e Yn \ r"_i, n e Z. Let r be any positive real number and let k -sup{n < TV: Un(mn)1/q~1/p > Br}. If k = -co, then the left-hand side of (6.1) is zero. Hence we may assume that k is finite. We note that if Vn < r, then n > k. Indeed, if there exists j < k such that Vj < r, then (1.5)(ii) implies that Br > BVj > Uk(mk)l^q~l^p > Br, a contradiction. Hence we have 
